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In the present note, consideration is given to the problem 
of 8-8s concentration around a circular hole in the theory of 
micropolar ehmtic i ty .  The reeults obtained appear to contrac2ict 
th findings of Mindlin on the a m  problem based upon the 
1-r theory of couple stress e l s s t i c i ty .  
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1. Introduction 
Ringen and Suhubi [1,2) have formulated and developed a 
continuum -oxy of micro-isotropic elastic soUds, which takes 
into account the micro-motions and micro-rotation of the media. 
A l imited case of this theory, c a U e d  a determinate theory of 
couple stress e w t i c i q y ,  has d s o  been cieriuceb ia fz ] .  
Eringen [3) has recapitulated this theory on a more sound footing, 
aiscussi43 the thermodynamics ana uniqueness t h e o m ,  and has 
named it the linear theory of micropolar e l a s t i c i t y .  
theory, besides the macro deformation, the micro-rotation of the 
elemente of the media, represented by a vector (9 , is also taken 
into account. However, this vector , which is found to be 
responsible for developing a couple stress m in the -Cia, 
is kinematically independent and is not related to the linear 
displacement, y . physically the sol ids  which are camposed of 
dumbbell macro molecules, such as fibrous and coarse grain s t r u c -  
ture materials, are thought to be described by this theory. 
constitutive equations f o r  the stress tensor 
stress 
materish arc given as 
kceiit;fy 
In this 
5 
kL 
The 
and the couple 
tkd 
(in cartes- tensor notation) for this c h s  of '%r 
t ld 
4c.6 
+ K(U - E  @ )  
1,k klr r 
where E is the a l te rna t ing  tensor, A and p are the clsssical BLr 
1 
General Technology Conorat ion 
constants while K , a , g and y are four adc3Itional 
~ons&nts which ar ise  because of the consideration of the mido-  
s t ruc ture  of the media. Also the equations of balance of nomenturn 
and the balance of f i r s t  stress moPwnts take the form 
.. 
- P Ok k m + E  t + p E  r k , r  lcbr Ar 
is the f i r s t  
lk 
H e r e ,  fg 16 the body force per unit mass, 
bociy rnarnent per unit rilass, p is the mass densits- 8nc u is 
the mlcro-rotation inertia of the elements. The quantity a 
is expressed i n  tews of @ - by a r e l a t ion  of the form 
k 
b 
.. 
k 
6 = J @  
k 
where J is another e h t i c  constant depending upon the naterial 
property. 
Upon examining several uniqueness and energy theorem, 
Eringen [3 ]  has also given the foUoving themodpamica1 1-estrictions 
upon the various constants, provided the internal energy ha6 to 
be non -ne ga tive : 
The solution of the problem to be consi2ereC. here has already 
been analyzed by Mindlin [4], but  his e-erivations are based upon 
2 
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a llnearized theory of couple-stress e l a s t i c i t y  developed by 
Mindlin and Tiersten [5]* .  This theory, although introduces 
the coneideration of couple stresses i n  continuum mechanles, is, 
however, d i f fe ren t  from the theory of micropolar e l a s t i c i t y  in 
the follawing two s igni f icant  aspects. 
l inear ized theory of couple stress e l a s t i c i t y  leaves the an t i -  
symmetric psrt of the stress tensor and also the symnetric part 
of the couple stress tensor i n d e t e m l n a t e ,  whereas the theory 
In the firat place, the 
of anicropolar e l a s t i c i t y  does not. 
it b e c r n s  d i f f i c u l t  t o  have the clear end Lomplete information 
of the problem in vhich cross  stresses play important roles .  
Secondly, the linear t h e o r y  of couple-stress e l a s t i c i t y  ciefines 
the rotat ion of the elements i n  t e r m s  of the displacement of 
the elements, as in the c la s s i ca l  sense, whereas the theory of 
mlcmpolar e l a s t i c i t y  defines the micro-rotation kinemetically 
independently with the l inear  displacenent. 
lows that in the former case the consideration of the ro ta t ion  
depends solely upon the f a c t  whether the elenent undergoes l i nea r  
displacement or not,  whereas in the latter case the consideration 
of the ro ta t ion  of the elements is always possible whether or  
not there is sane linear displacementH. Finally, the theory of 
couple-stress e l e s t i c l t y  doe6 not account for the inertia forces 
vhich axe equally important in dynaraical problena. 
In the foraer  case, therefore, 
It, therefore, f o l -  
For an account of th i s  theory applicable t o  engineering prablem * 
and elso f o r  the physical reality of the results based upon this 
theory, w e  refer t o  the paper by Schijve [ 6 ] .  
* It ha8 also been shorn i n  [3]  that l i n e a r  theory of couple-stress 
e l a s t i c i t y  [3]  turns out 88 a l imi ted  case of the linear theory of 
micropolar e l a s  t i c f t y  under constrained motions. 
I 
I 
I 
I 3 ~ 
I 
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Besides &bo= facts, the +&oxy of aicmpohr e l a s t i c i t y  
bas same physical precedent for it. 
and rrtaoent stresses from the continuum approach, &her [ j ' ]  
obtaine an equation similar to Equation (2) for tfie torque 
stress tensor connected w i t h  the l a t t i c e  curvature. In OUT 
In U s  stuQ of dis locat ion 
present notation, if m. is taken to represent the torque 
stress, then 4 c l e a r l y  represents the l a t t i c e  curvature. 
AUO in agreement with Kr;;ner, couple stresses i n  the micropolar 
t h e 0 4  are, i n  fact, a consequence of the presence of dislocations,  
i.e., l a t t i c e  curvature, and therefore vanish whenever 2 vanishes. 
as 
i , 3  
W i t h  these considerations, we now proceed to discuss tbe 
problem of stress concentration around a circular hole in an 
i4finite plate  subject to axial tension. Our analysis reveals 
that the ef fect  of couple stresses I s  significantly small as 
compared t o  the c la s s i ca l  case; thw agreeing with the experi- 
mental flnding8 of Schijve 161, but  contradicting the conclusions 
of Xindlln [4] who claimed that couple stresses have considemble 
influence. This striking dlf'ference vith Mindlin's result, in  
f ac t ,  ariees because of a n e w  ra t io  
occur8 in the pmsent  analyais but is not found i n  the w e  of 
linear couple stress theory. However, since some of the s t eps  
b 
(-) , defined below, that 
C 
in our matbmatical analysis are the same as those of Mindlln's 
work, we d t  the corresponding detail8 here and =fer the 
reader to this paper for collateral study; the notations of 
which would be used here as far as possible. 
4 
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2. Stress Concentration Around A C i r c u l s r  Hole 
The problem of s t r e s s  concentration around a cir-ular hole 
is tbe problem of two diaensional plane deformations in cyl indri-  
c s l  phr c o c r ~ i n s t e s ,  &ace c?I? gf?S’rniI!g +he dlnplscezlent m d  
micro-rotation components of the form 
2 
e + e ‘  & a@ - 0 .  %r - er r e l m  . +  
+ - =  -- - 
6r r r 3e 
where 
= u  - E .  # ckL I,k klr r . ( 9 )  
On introducing the stress functions rp(r,6) and s(r,e) 
consistent to  EQuatiom ( 3 )  and (4) ( c f .  Mindlin) 
5 
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m = -  be , m = -  l ? L .  
n 3r 62 r de 
we f ind that compatibility equations, after some calculations, 
b e C O a n e  
a 2 2  2 1 b 729, - (* - C 7 $ )  = -2 (1 -~ ’ )  b -- dr r 3~ 
where 
2 
C J 
Equations (u) we can easily arrive at the equations 
.. 
6 
.. 
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4 
? C p = O  
which are nov uncoupled 
replacement of c for 
2 
between cp and . Except w i t h  the 
2 e2 , where now t is expressed i n  
tenas of the e l a s t i c  constants having the dimensions of length 
squre, Equations (13) are identical with  those obtained by 
Mindlin. 
w h e t  d i f f e ren t  from those of Mndlin. 
The compatibility Equations (11) are, however, sane- 
Mindlin takes s u i t a b l e  form for cp and ui, and then, by 
applying appropriate boundary conditions, determines the expres - 
sions for stress and couple stress cmponente. 
result of interest, he calculates, is +a expression for  t (m), 
vhich occurs a t  r = a and 9 = It , and turns  out to be 
(cf . Mindlin's Equation (40)) 
The particular 
e8 
7T 
2 
where p is the magnitude of' the uniform tension applied i n  
the x-direction and is given by (cf. Mincilin's a. (39) )  F 
(14) 
where a is  the rad ius  of the circular hole. It is thus clear 
from (14) that the influence of couple stresses is LJainly a f f e c t e d  
due to the  magnitude of F , given by ( 151, whlch i n  turn depen&s 
upon v , a and 1 . of these three the first, two could be 
known eas i ly  while the t h i r d  factor l? 
of couple stresses. 
arises  due to the presen:e 
7 
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Mindlin, in giving the p&yaical background of 1 s+uate&, 
"In perfect  crystals and amorphous materials like glass .. . 2iasn- 
sions of holes, fillets, notches or C r a 6 . b  i n  them may apFroa:h 
IJ for a n r i e t y  of mkriale." %at this reasoning is not sounci 
could be argued from 
8 t i O I l S ,  the 8ppierent 
of the! di f f i cu l ty  of 
defoxmation and that 
menon. 
the fact that i n  notched specimen consider- 
rise of the yield stress is, in fact, becawe 
indicating the beginnlag of the plastic 
in such cases yielding is a localized pheno- 
In our present ; a lcu la t ions  it is found tha t  F' , the Lor- 
responding vslue of F to that of Mindlin's case, is given as 
b2 2 8(1 - v ' )  c 
2 K (a/4 
F' = 
1 a 2a o 
C 2 c Klfa/c) 
[4 + --+ - 
(16) 
A carefbl comparison of (15) and (16) indicates that 
over to F only i f  
F' can 50 
- -  b2 - 1 ,  c = l ,  v ' = v  
2 
C 
Whether or not the second and t h i r d  conditions of (13) hold, the 
first condition i t se l f ,  w i t h  the help of Equation (U), reduces 
1 K  
-(-) = 1 i . e . ,  K -2p 
2 & A + d  
(15) 
which not only contradicts the thermodynamical r e s t r i c t i o n s  given 
by (6) but also is physically unrealistic in the sense that the 
nagnitude of the constant K 
the twice of #e shear m o d u l u s .  
cannot be as great as to be equal to 
view of th is  f a c t  it can, 
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therefore, be concluded that e x p s s i o o  f o r  F , given by (l?), 
is not acceptable. 
CXI using F' i n  place of F , in Equation (14), calculations 
have been made spin for  different reasonable values of K and 7 . 
The physical ground for the particular values of K used here I s  
based on the f a c t  that in  polycryetalline matxriale the magnitude 
of shear-modulus ( ( 2 ~  + K )  in our calculations) is increased t y  
nearly five percent of its usual value, 88 has been observe6 ex- 
perimentally in many casts, f o r  example, by Bradfield and Pursey 193. 
The values of 7 are, however, &ken from a :orresponding tal-u- 
lation of Krijner in which the rat io  of the torque stress to the 
la t t ice  curvature has been obtained. In the present case it is 
a found tbat stress concentration factor not only depends upon (-1 
(; that of Mindlin'e case) and tbe PoIsson'8 ra t io  but also is 
controlled by a m w  rat io  (-) . With the above choice, for values 
b of  K and 7 , the value6 of (c) and c are found to be 
a significantly snlall. It then follows that the value of ; would 
be considerably high since the radius of the hole cannot be belog 
the order of 1 mm. Figures 2 t o  5 show the p lo t  of stress concen- 
tration factor againet (z) for two di f f eRnt  values of 7 . A 
clear cantparison between Eringen's theory and Mindlin'a theory 
bae been displayed in the graphs. I t  can be easily seen #at, in 
the present case, the stress concentration factor ~s from 2.97 
a b to 2.985 (even for an extreme case when ; = 3 , - = 0.20), very 
near to the cLBss ica l  value, whereas Mindlin'e theory predicts a 
range from 2.4 to 2.6. 
C 
8 
b 
C 
8 b 
C 
As a final remark it may also be worthwhile to point out here 
tbat the conclusions drawn by Cokn [lo] and Muki and Sternberg [ U.], 
9 
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on the basis of the  linear theory of coup3.e stress e l a s t i c i t y ,  
would be considerably affected in a l i k e w i s e  manner as in the 
caae of the pre8tnt snalysis. We do not, however, wish to p m u e  
thl6 a x s l y a i e  in tibe present note. 
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Fig. 1 Circular hole in an i n f i n i t e  pla te  
subject  to axial tension. 
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